
Part II: Matching Markets
Chapter 10: Matching Models — Housing Market



Introduction

• Housing Market: resource allocation problem.

• There is a set of houses (or any indivisible items) to be allocated
to a group of agents

• Rents are exogeneously given and there is no medium of
exchange such as money



Introduction

Examples

• On campus housing, public housing, allocation of office space,
student allocation to high school
– and kidneys exchange (we will go into details of this
application next lecture)

• We see two algorithms:
• Serial Dictatorship
• Top Trading Cycles



Introduction

• Variants of the (random) serial dictatorship are commonly used
in real life

• For on campus-housing at Carnegie-Mellon, Duke, Michigan,
Northwestern, Pennsylvania,...

• In NYC, the mechanism that allocates students to high school has
two rounds: 1st: deferred-acceptance; 2nd : (random) serial
dictatorship for students unassigned at the first round



Model

Housing Market game is a vector (H,N, (≺i)i∈I), such that:
• I = {1, ..., } a finite set of agents. None own a house.

• H finite set of vacant houses.
• We assume | I |=| H | and no "no house option"

• A list of strict preference relations �= (�i)i∈I over houses



Housing Market: Serial Dictatorship
Model

• A serial dictatorship mechanism specifies
1 an order over agents and

2 let the first agent receives his favorite good, the second agent his
favorite good among the remaining ones, and so on...

More formally,

• A serial dictatorship mechanism πf specifies
1 a priority ordering function f : {1, 2, 3, ..., | I |} → I, where f(i) is

the agent with the ith priority, then
2 the first agent f(1) receives her favorite good, the next agent f(2)

his favorite good among the remaining ones, and so on.



Housing Market: Serial Dictatorship
Model

• H = {h1, h2, h3} and I = {1, 2, 3}
• Preferences:

• �1: h3, h1, h2
• �2: h3, h2, h1
• �3: h2, h3, h1

• SD mechanism yields

µ =

(
1 2 3
h3 h2 h1

)



Housing Market: Serial Dictatorship
Properties

Theorem 1
Serial dictatorship is Pareto-efficient and strategy-proof.



Housing Market: Serial Dictatorship
Properties

Proof: Serial dictatorship is Pareto-efficient. Can I strictly increase
the welfare of one player without decreasing the welfare of others?

• Student with the highest priority (i.e. f(1)) leaves at the first
step and is assigned his most prefered house and so cannot be
better off.

• Any student with the 2nd priority (i.e. f(2)) leaves at the 2nd step
and is assigned his most prefered house among those remaining
at step 1
⇒ f(2) can be strictly better off only by changing of house and
taking the house of f(1) who left at the first step.
⇒ since preferences are strict, this hurts f(1)!

• Proceeding in a similar way, no agent can be made strictly
better-off without hurting someone who left at an earlier step.



Housing Market: Serial Dictatorship
Properties

Proof: Serial dictatorship is strategy-proof.

• Suppose an agent leaves the algorithm at step n when she
reports his true preferences

• Since he gets the best available house at step n among the
houses that have not been taken at previous steps:

all the houses that he prefers leave before step n

• the set of houses that leaves before step n is not affected by his
report
⇒ Better houses leave the algorithm before stage n whether he
misreports or not

⇒ Thus he can only hurt himself by mis-reporting!



Housing Market: Serial Dictatorship
Properties

• Actually, serial dictatorship has even a stronger incentive
property.

• Consider the possibility that a group of agents collude and
misreport preferences jointly. Can we assure a mechanism to be
immune to such joint manipulations?

• A mechanism is group strategy-proof if no group of agents can
jointly misreport preferences in such a way to make some
member strictly better off while no one in the group is made
worse off.



Housing Market: Serial Dictatorship
Properties

Any better mechanism?

Theorem 2 (Svensson 1998, Papái 2000)

A mechanism is group strategy-proof, Pareto efficient and neutral if
and only if if is equivalent to a serial dictatorship mechanism.

A mechanism is neutral if the assignment does not depend on a
"label" (or name) of houses. For example, in the serial dictatorship
mechanism, the first agent f(1) obtains her favorite house whether
the house is named h or h′, etc...



Housing Market: with status quo
Model

This is Shapley and Scarf (1974)

Housing Market game is given by a vector (H,N, (�i)i∈I), such that:
• I = {1, ..., n} a finite set of agents. Each agent i owns a house hi.

• H finite set of vacant houses.
• A list of strict preference relations �= (�i)i∈I over houses



Housing Market: with status quo
Serial dictatorship

• H = {h1, h2, h3} and I = {1, 2, 3}
• Preferences:

• �1: h3, h1, h2
• �2: h3, h2, h1
• �3: h2, h3, h1

• Each agent i owns hi

Serial dictatorship mechanism yields

µ =

(
1 2 3
h3 h2 h1

)
In the case where houses are own by the agents, SD is Not
individually rational: 3 prefers his own house to the assignment



Housing Market: with status quo
Serial Dictatorship

• If 3 has a “squatting right”, he does not participate, this yields

µ =

(
1 2 3
h1 h2 h3

)

that is Pareto-dominated by
(

1 2 3
h1 h3 h2

)

The Problem: Some existing tenants who may have "squatting
rights" may not want to enter the assignment mechanism even if
they would rather prefer to move. This results in loss of gains from
trade.

• One natural mechanism is TTC where each house points to her
tenant... Much better properties...



Housing Market: with status quo
Gale’s Top Trading Cycle Algorithm

We call Top Trading Cycle the following assignment process:
• Step 1:

• Each agent points to his most preferred house
• Each house points to its initial owner.

xn → hl → . . .→ xn

• Each individual in a cycle is assigned the house she is pointing to.
• Agents in a cycle and related houses assigned are removed from

the problem (all cycles are removed).
• There exists at least one cycle



Housing Market: with status quo
Gale’s Top Trading Cycle Algorithm

• Step n: We consider houses and agents not eliminated at the
previous steps.

• Each agent points to his most preferred house among the
remaining ones

• Each house points to its initial owner.

• Each individual in a cycle is assigned the house she is pointing to.
• Agents in a cycle and related houses assigned are removed from

the problem (all cycles are removed).
• There exists at least one cycle

• The algorithm stops when all agents have been removed or there
are no acceptable house left for any agent that has not been
removed yet.



Housing Market: with status quo
Gale’s Top Trading Cycle Algorithm

Notation:

• For each i ∈ I : C(i) is the (unique) cycle to which i belongs

• We define an order ≤TTC on cycles such that

C(i) ≤TTC C(i′)

if the elimination of i (or of C(i)) occurs earlier than the
elimination of i′ (or C(i′))



Housing Market: with status quo
Gale’s Top Trading Cycle Algorithm

• H = {h1, h2, h3} and I = {1, 2, 3}
• Preferences:

• �1: h3, h1, h2
• �2: h3, h2, h1
• �3: h2, h3, h1

• Each agent i owns hi

TTC yields the individually rational and Pareto-efficient matching

µ =

(
1 2 3
h1 h3 h2

)

• The idea is that 2 and 3 first find an advantage in trading their
own houses. Then 1 is left with his own house.

• Note that C(2) = C(3) = {2, h3, 1, h2} <TTC C(1) = {1, h1}.



Housing Market: with status quo
The Core

A coalition B of agents weakly blocks µ if there exists another
matching ν such that

1 ν(i) is a house of an agent in B

2 ν(i) %i µ(i) for all i ∈ B and ν(i) �i µ(i) for some i ∈ B

The strict core is the set of matchings µ such that there is no
coalition that weakly blocks it.



Housing Market: with status quo
The Core

Theorem 3 (Shapley and Scarf (1974))

In any housing market, the (strict) core is non-empty.

Shapley and Scarf (1974) prove this theorem
1 appealing to cooperative-games tools

• i.e. showing that the housing market game is a "balanced game"
and using previous results claiming that the core is non-empty in
balanced games

2 alternatively, they show that the top trading cycle algorithm
applied to the housing market yields a matching in the strict
core

• this proof was suggested by Gale

To show: the top trading cycle algorithm yields a matching in the
core



Housing Market: with status quo
The Core

• Let µ be the matching obtained from TTC

By contradiction:

• There exists a matching ν and a coalition B s.t.

1 for all i ∈ B : ν(i) is a house of an agent in B

2 for all i ∈ B : ν(i) %i µ(i) and for some i ∈ B : ν(i) �i µ(i)

• Let B̂ = {i ∈ B : ν(i) �i µ(i)}
• Note by item 2., B̂ 6= ∅



Housing Market: with status quo
The Core

• Take (one of) the first agent in B̂ that goes out of the algorithm –
call him i1

• By definition, C(i1) ≤TTC C(i) for all i ∈ B̂

• By item 1. in the definition of the core, ν(i1) = hi2 for some i2 ∈ B
and i2 is eliminated at a strictly earlier stage

• o/wise, if hi2 is available when C(i1) is eliminated, i1 would be
pointing to a suboptimal house at this stage



Hence, we have

ν(i1) = hi2

→ i2

→ hi3 = µ(i2)

→ i3

→ ...

→ in

→ hi2 = µ(in)

We have that i2 ∈ B�B̂.



Hence, we have

ν(i1) = hi2

→ i2

→ hi3 = µ(i2) = ν(i2)

→ i3

→ hi4 = µ(i3)

→ ...

→ in

→ hi2 = µ(in)

Thus i3 ∈ B�B̂.



Hence, we have

ν(i1) = hi2

→ i2

→ hi3 = µ(i2) = ν(i2)

→ i3

→ hi4 = µ(i3) = ν(i3)

→ ...

→ in

→ hi2 = µ(in)



Eventually, we get

ν(i1) = hi2

→ i2

→ hi3 = µ(i2) = ν(i2)

→ i3

→ hi4 = µ(i3) = ν(i3)

→ ...

→ in

→ hi2 = µ(in) = ν(in)

We obtain ν(i1) = ν(in), contradiction.



Housing Market: with status quo
The Core

Theorem 4 (Roth and Postlewaite, 1977)

The matching produced by Gale’s TTC algorithm is the unique
matching in the core.



Housing Market: with status quo
Gale’s Top Trading Cycle Algorithm

TTC and school choice

Question: How to adapt TT to a school choice problem?

• So fare we assume one market side (houses) has no preference,
. . .

• while all students do not have the same priorities

• To adapt the algorithm: schools point students with the highest
priorities.

• In that case, matching from TTC are not necessairly stable.

itemize



Housing Market: with status quo
Gale’s Top Trading Cycle Algorithm

Example: 2 schools c1, c2, 3 students: s1, s2, s3. On obtient:
• �s1 : c2, c1
• �s2 : c1
• �s3 : c1, c2
• �c1 : s1, s2, s3
• �c2 : s3, s1

Schools have only one seat.

µ =

(
s1 s2 s3
c2 c1 ∅

)
This matching is Pareto efficient, and individually rational for the
students, but not stable.



Housing Market: with status quo
Gale’s Top Trading Cycle Algorithm

Theorem 5
A mechanism is individually rational, strategy proof and Pareto
efficient (from the student side) if and only if it is equivalent to TTC
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